Mathematics Methods Notes

Differentiation

Trigonometric functions

Exponential function

d
—sinx =cos x
dx

d .
—cosx = —sinx
dx

d 2
—tan x = sec® x
dx

d

—secx = secxtanx
dx

Product rule

tan) x

Form of a (sin/cos/

Example 1:
Differentiate y = 15 sin x.

Letu =15 v=sinx
du dv
a:0 ax = osx

d dv du

— =u—4v—
dx udx vdx
= 15cosx + sinx 0
= 15cos x

Example 2:
Differentiate y = 2x tan x.
Letu = 2x v=tanx
du dv
=2 —
dx dx ,
= sec™ Xx
dy dv du

=u—+v—
dx dx dx
= 2xsec’x + 2tanx

Form of a™ (sin/cos/
tan) x

Example:
Differentiate y = x3 cos x.

Letu = x3 v =coSx
du dv
dx dx
= 3x? = —sinx

d dv N du

dx “ dx v dx )
= x3(—sinx) + cosx(3x?)
= —x3sinx + 3x%cosx

—eX = ¥

dx

ax ax

—-e€

= ae
dx

;_xefm =f'(x)-ef®

Product rule

Form of f(x) - e*

Example 1:
Differentiate y = /x e*.

1
iEteli v =x3
du dv 1
— = e* —_= -
dx dx  33/x?

dy dv+ du
dxiudx de
e* 1

= —— + x3 e*
3Vx?
Example 2:
Differentiate y = cos?x e*.

Letu v =cos’x
= e¥
du dv
dx dx
= e~ = —2sinx cos x
dy dv du
—=u—+v—
dx dx dx
= e*(—2sinx cos x) + e* cos’x
= —2e*sinx cos x + e* cos’x

Chain rule

Form of ae’*

Chain rule

Form of (sin/cos/tan)ax

Example:
Differentiate y = sin 3x.

Let u = 3x y=sinu
du dy
a = a =cosu
dy dy du
dx ~ du’ dx
= 3cosu
= 3 cos 3x

Form of sin™/ cos™/
tan™ x

Example 1:
Differentiate y = 5e %%,

Letu y = 5e*
= —8x
du dy
—_—=-8 —Z = Ge¥
dx du ¢
dy dy du
A AVt
dx du dx
=5e"* x -8
= —40e7 8%
Example 2:

Differentiate y = e**.

Letu = 4x y:e“
du dy
dx ~ du

dy dy du

A AVt

dx du dx
=4xe"
= 4e**

et

Logarithmic function

d 1
anx——

Product rule

Formofa Inx

Example 1:
Differentiate y = (x + 1) Inx.

Letu v=Inx
=(x+1)

du 1 dv_ 1
dx dx  x

dy dv du

o YaxVax

x+1
= +Inx
x

Example 2:

Differentiate y = Zeg Inx.

Letu v=Inx
= 23

du Zeg ﬂzl
-3 dx «x

Example 3:
Differentiate y = 3 In x.

Letu =3
du _
dx —
dy dv du

dx=3a+"a

X

Chain rule

Form of In(ax + b)

Example 1:
Differentiate y = In(e?* +

2).

Form of ae/®

Example 2:
Differentiate y = sin? x.

Letu y = u?
=sinx

du 513172
dx—cosx du= u
dy dy du
RCAN AV patad
dx du dx

= 2ucosx

= 2sinx cos x

= sin 2x

Example:
Differentiate y = es*.

Letu y=e"
=cosx
du ) dy .
g sin x Ju e
dy dy o du
dx ~ du’ dx
= —sinx xe*

cosx

=—sinxe

Letzu y=Inu
=e’*+2
du dy 1
— = 2e2%x 2 ="
dx ¢ du u
dy dy du
dx ~ du’ dx
_ 2327(
T e2xyp
Example 2:

Differentiate y = In(x +
2x2).

Letu y=Ilnu
=x+2x?
du dy 1
dx du” u
=1+4+4x
dy_dyxdu
dx ~ du’ dx
_ 1+ 4x
T x+2x2

Max. point
Sign test 2" derivative test,
x| x| x* dzy
dy +ve | 0 —re — <0
dx dx?
Slope P —
Stationary —
point ~ ~
Min. point
Sign test 2" derivative test,
x| x| x* dzy
dy —ve| 0 | +ve -—=>0
dx dx
Slope ~— |
Stationary ~
point — ,_/
Inflection point
=0 /2o
X) = _ =
dx?

Inflection point

Horizontal inflection Oblique inflection

point point
| I
Conditions: Conditions:
fla)=0 fla)#0
f"la)=0 fa)=0

7"(a+) and f"(a-) have opposite | | f"(a+) and f*(a-) have opposite
signs) signs

Small change and rate of change
Small change,

Sy dy
Sx  dx

Approximation,
Ynew = Yold + 5}’

Example:
Determine the approximate percentage change of y =
3x2 when x increases by 1%.

8x = 1.01x — 1x Sy dy
=0.01x 5x dx
8y = 6x X 0.01x
y = 3x2 = 0.06x2
dy
— = 6x S5
dx 2« 100
y
_ 0.06x? 100
3x?
= 2%
Example 2:

A drop of methyl blue solution is dripped into a bowl| of
water and small circle ripples are formed continuously.
Given that the radius of ripple increases at rate of

0.5 cms™, find the rate of change of the area of ripple
in terms of m when the diameter is 0.4 cm.

A=mr?
o 2nr
dA dA » dr
dt ~ dr” dt
= 2nr(0.5)
= 21(0.4 + 2)(0.5)
=0.2r cm?s7?!




Integration

Linear
ax
ax™dx =

n+1

+c
n+1

Trigonometric
J-cosxdx = sinx +c
fcos (ax +b) dx = ésin (ax+b) +c
fsinxdx = —cosx +c
fsin (ax +b) dx = —%cos (ax +b) +c

J-seczx dx = tanx +c

Logarithmic
1

f— dx=Inx+c
X

1
fm dx =In(ax +b) + ¢

fl)
% dx =In(f(x)) +c

Estimates of graph
Given a curve with function f(x)

—s
w

Area circumscribed

—
w

Area circumscribed

To find each area of strips (rectangles):
A=f(x)/hxw

Estimating the area of curve,
Acircumscrl‘bed + Ainscribed

2

Area =

Tips for finding area bounded by two
functions:

Use the function above minus the function
below.

Example:

Find the area trapped between f(x) =
sinx and f(x) = cos x for the range 0 <
X <.

1= f(x) = cosx

x \ N L ex

i f(x) = sinx

Graph intersects at x = %in therange 0 < x <

s

T
b3

4
A:f cosxfsinxderf sin x — cosx dx
T
0 i
z

= 2+/2 units?

Fundamental theorem

b
[ reoax=reo? = F6) - F@

Example:
Use the fundamental theorem of

1
calculus to evaluate [ x* +e* dx.
Give your answer in terms of e.

1 3 1
fx2+ex dx = [=—+ €]
o 0

— + O+U
= Gel-[z+¢’]

d X
1 ronae = oo

Example:
. i X o
Determine — [f, t* +2] dt.

d X
—[f t2+2]dt =x?+2
dx ),

d g(x)
o [L f®]de = flgt)] x g' (x)

Example:

. d +1
Find = [[; " ¢] dt.

i[[Hlt]dtz (x+1)><i(x+1)
dx "), dx

=x+1

Using fundamental theorem of calculus
with two variable limits of integration
Example:

Find £(6) of £(t) = [ x? dx.

d (3, d (3t . d (0.
—f xsdx:—f xsdx+—fx5dx
dt ), a at ),

7353xd3t d [3d
=307 x 3 GO dtfox *

=3027t3) -3
= 80t3

¢d
| Zroia=r@-ro

Example:

. x*d 5.2

Find [ a:(Zt +t)dt.
2

fx %(th +t)dt = [2(x?)? +x?] — [2n?

+ ]
=2x*+x*-2n*-nm

Additivity and linearity of definite
integrals

faf(x)dx =0

fabf(x)dx = —fbaf(x)dx
facf(x)dx :Lbf(x)dx + fbcf(x)dx

fbk X f(x)dx = kfbf(x)dx

b

b
[ @ £ geiax=[ e ax
a a b
ij g(x) dx

Rectilinear motion

Displacement

Example:

A particle accelerates at 5 ms~2 which
is constant along the s-axis. It has a
velocity of —1 ms~2 at the start of the
journey. Find the displacement of the
particle within the range of time, 2 < t

<a.

v(t) =—-1+5¢
4

S:J-vdt
2

4
:f —1+5tdt
2

5t2 4
=t

Distance

Example:

The velocity of a moving particle is
equated by v = 2t3 + 3t? — 2t. Find
the total distance travelled by particle

from its origin point till t = 1s.
1

szf [v] dt
0

0.5 1
=f |23 + 3t — 2t| dt + f 2t% + 3t
0 0.5

—2tdt
=0.09375 + 0.59375
=0.6875m

Distance travelled

ns 1
Velocity
Example:
The velocity function of a moving
particle is given by v(t) = 5™ 2, find
the velocity of the particle at t =
2 s. Do not evaluate your answer.

U(t) — esinzt
U(Z) — esin 2(2)

= eSin 4 msfl

Acceleration

Example:

A moving particle travells along a
straight path and passes through a
fixed point. Its velocity, v ms™1 is given
by v = 3t? + 6t. Determine the
acceleration of the particle when t =
2.

v=3t2+6t a(t)=6t+6
dv a(2)=6(2)+6
“=ar =18 ms~?

Exact values of trigo. ratio

0 T T 7w
30/~ | 45/ | 60,
/s i /3
sin | 0 1 vz V3
2z 2 2
cos | 1 V3 N 1
2 2 2
tan 0 V3 1 V3
3
7 3
/5 180/u |0 37 [ 360720
sin 1 [ -1 0
cos | 0 -1 0 1
tan | - 0 - 0

Trigonometric identities

sin(A + B) = sin(A) cos(B) + sin(B) cos(A)
cos(A £ B) = cos(A) cos(B) F sin(A) sin(B)

tan (A) + tan(B)

tan(A £ B) = o n (5)

Economic application of
differentiation

Function
Production cost C(x)
Revenue R(x)
Profit P(x) = C(x) = R(x)
Break even C(x) = R(x)
Average cast c(x)
X
Marginal Profit P'(x)
Marginal Revenue R'(x)
Marginal cost C'(x)
Approximate cost of
producing ane more c"(x)
unit after x th unit has
been produced and
sold
Maximum profit O =R
ar
P'(x)




Exponential function

Characteristics of graphs of exponential
function:

e Graph is asymptotic to the x-axis as x approaches
infinity

Horizontal asymptote is y = ¢ (general graph
horizontal asymptote is y = 0)

y
y=b'+c
|

e Domain are real numbers

e Graph is smooth and continuous

e y-intercept at (0, a + ¢) (general graph y-intercept
at (0,1))

Example 2:

The population of uncontrolled rats is initially
400. The estimated growth rate of rates after
n, months is given by 400e%12", Estimate the
population of rats after 2 months.

P = 400901271
= 400e%12(
=508.5 ~ 509
Example 3:

The initial population of bees of 5000 is
decreasing at rate of% = —0.9 yinwhichyis
the population of bees while x is the years

from initial population. Find the population of
bees after 5 years.

p= Paekx
=5000e"%9®)
=55.545 ~ 56

b>1 0<h<1
¥ ¥
1 y=0b* y=b%
| |
"\
\\
01)) L0
— Y=0 x - y=0 x
y ¥
y=b y=b
|
\ ,-‘I
\ yd
(0,1) 1)
* = y=o "

Euler’'s number

Expression Euler’s number
expression
145y et
a+-)
1 1
14+-—)" ek
a+-

Example 1:

. 1\" . 1)2n
Given that e = lim (1 +—) , evaluate lim (1 + —) .

n—-oo n n—oo n
2n

lim (1 + —) =e?
n—oo n
Example 2:

2 3
Given thate* =1 +%+% + ’;—I+ .-+ Show that e =
2.7182 by substituting x = 1.

Using first 7 terms,

Subx =1,

elo14tqpip 11
120 31 4 51 6! 7!

e = 2.71825

~ 2.7182

Continuous exponential growth/ deca
Example 1:

After the re-snap, half of the population of humans revives
continuously such that % = 5.2 t in which t is the population of

humans after t hours. How long does it take for the population
of human to be 7.7 billion? Give your answer in 3 significant
figures

7.7 = (7.7 + 2)e>2t B logyo 2

7.7 = 3.85¢52 2t =1

/=900 0g10 €
e52t =2 5.2t = 0.69314718

t = 0.133 hours

Discrete random variable
A variable whose values
(countable values) are obtained
by counting

Probability distribution

properties (characteristics):

o Probabilities for each value of X
lies in the intervalof 0 < P(X =
x)<1

e Sum (total) of the probabilities is 1

(A) Probability of a discrete
random variable by choosing
with replacement
PX=x)="C@"A-p)""

Example:

A bag of chips contains 4 red and
2 blue chips. Three chips are
drawn randomly without
replacement. Draw a probability
distribution for X: number of
blue chips drawn.

P(red) 2
P(blue) = =
:f :z (blue) ?
P 6 3 -
e}
g 3,4 g, 2
5 | 100 =60 & forx =
> 101.2..
€
o
e X 0 1 2
% P =) 8 4 2
o« 2 9 9

(B)_Probability of a discrete
random variable by choosing
without replacement

Ny Ny
G, ?Cp—
P(X=x) = r bn-r

ny +7lzC
n

Example:

A bag of marbles contains 4
yellow-green and 3 blue-magenta
marbles. Three marbles are
drawn randomly without
replacement. Draw a probability
distribution for X: number of
yellow-green marble.

P(yellow P(blue
— green) — magenta)
3
7 7
4 3
Cx C'jfx
fx) = g,
X 0 1 2 3
PIX 1 [ 12 | 18 | 4
=x) | 35 | 35 | 35 | 35

Mean & variance of DRV
E(X) =pr(x = %)
Var(X) = Z(x — W2 XPX =x)

Or
Var(X) = E(X2) — [E(X)]?

Continuous random variable

A variable which takes any values over intervals and
whose values (measurable values) are obtained by
measuring.

Probability density function (characteristics):

e Sum (total) of the probabilities is 1: fbaf(x) dx=1
e f(x)=0forintervala<x<bh

e P(X = k) = 0 which is same as fkkf(x) dx=0

e PX<k)=PX<k)+PX=k)=PX<k)

Finding probability density function given a cumulative

distribution function
d

f@) =F@®) iC)

VR
CDF
FGO = PX < ) Fo =
- f Fx) dx _/

B L *flodx

Example:
The probability density function f of a continuous
random variable T is given by,

1
—t 0=t=<4
24
1 1
t ¢ 4<t<12
f® 4 48
Otherwise
0
e Find the cumulative distribution function for T.
— 0 t<0
1 2
_ - 0=t=4
fz4i =75

frl L a J-L" w-t L 1, 12
Ll e[ Lat L1 =
it " T2 ==

e Find P(3 < T < 12).

P(3<T<12)=F(12) — F(3)

13

T 16

or
121 1 4f

P(3<T<12)= ———tdt + —dt
( ) L4 48 , 24

13

16




Discrete uniform variable
Discrete uniform variable
properties (characteristics):

e nvaluesin the range has

equal probability%

(the probability of uniformly
spaced possible values is
equal)

Probability mass function:
P(X =x) =%forx =

Condition
. a>0,a#1
. x cannot be negative

Basic properties of normal distribution:

e |tis symmetric about the mean

e The mean = the mode = the median

e The curve is unimodal (one peak), maximum

. 1
point at (u, U—m)

e The curve approaches but never touches, the x-
axis, as it extends farther and farther away from
the mean (—o0 < x < )

e Total area under the curve = 1
U = ax=1)

e Mean, u and standard deviation, o

(the conditions stated above varies and are not definite)

Mean, The larger the mean, the greater the
1,2,34...,n shift towards the right
General graph of logarithmic function |
Mean & variance 4
n+1
EX) = y =logax i |
2 2 L o
n-—1 >
Var(X) — T H2 > My
(a,1) Standard The larger the standard deviation, the
1 x deviation, greater the vertical compression
Probability density function: ‘ (1,0) g ;
a<x<bh Condition: a > 1
b—a
xX)= . C e
fx) . Main features/ characteristics
0 otherwise : . c
) . Graph is continuous o
0 . . Domainis for x > 0 5
2 )l\;ot;tlonl.] " ) € e Rangeis for all real numbers ¥
‘>° ~U(a, ).' a<< x<< § . Vertical asymptote x = 0 =]
- X~Ula,b]lif a<x<bh = e x-interceptat (1,0) % Area under normal distribution and its
3 Ig) = corresponding standard deviation away from
‘= | Mean & variance - £ mean, {.
[= - . —
D _ a+ b log,x +¢ o
EX) = 2
clog, x
Var(X) ( _ a)z logg ex
12 o e __ log, (x|t c) logax loga(x —¢)
\/ — :Ogﬁ;
. . Ay N - ;10gax
Cumulative density < fogax—c
function T s
X 1 -3 -2 - iz pto pt20 ptdo
P(X < X) = f (b _ (1) dx 68.27% (0.6827)
a
X _x Transformation Effect 95.45% (0.9545)
= [b — a]a log, x+ ¢ Graph shifts upwards by c units : 99.73% (0.9973) >
X a logax—c Graph shifts downwards by c units
— _ log,(x +¢) Graph shifts leftwards by ¢ units Example:
b-a b-a loga(x — ¢) Graph shifts rightwards by c'units A random variable T has a normal distribution with
_ X —a logg cx Graph compress/ shrunk horizontally by a mean of 39 and variance, o'2. Given that P(X >
bh—a c>1 factor of ¢ 42.5) = 0.098876, find the standard deviation.
log x Graph stretch horizontally by a factor of ¢
a
¢ P(X > 42.5) = 0.098876
c>1
" 42.5-39
clog,x Graph stretch vertically by a factor of ¢ P(Z > ——) =0.098876
c>1 g
llog x Graph compress/ shrunk vertically by a Invnorm (1 - 0.098876, 0,1)
¢ °° factor of ¢ 42.5-139
c>1 ——F = 1.28798
—log, x Graph reflects about x = 0/ x —axis g 3.5 = 1.28798¢
log, —x Graph reflects about y = 0/ y-axis o =2.71743
Ways to sample randomly: Standard score Represented as:
® Use random number generator (without repetition of any X—u p—p % confidence interval (ﬁ — Z0o, ﬁ + Zg')
numbers) to generate random integer Z = =
e Use lottery method by writing numbers (eg: 1 to 10) on individual o )
papers and draw the numbers randomly. Interpretation
We could expect that % of the % confidence
Selection Bias: Issues with samplin _ Confidence interval interval contains the true/population proportion
= Under coverage: when members of the population aren’t
adequately represented.
= Nonresponse: views of non-respondents are missed as they are Example:
unwilling and/or unable to participate in the survey. 90% confidence level for 10 samples.
%) = Voluntary Response: sampling people who will only willingly
c participate.
i Confidence level
€ Population & sample proportion A
g Population _X o 90% Confidence
proportion P=N 959% Confidence
Sample proportion b= x 999 Confidence
n Percentage % No. of standard deviation/ z —score
90% 1.645
Conditions for sampling distribution to be approximately 95% 1.960
large: 99% 2.576
. n>30 *take z-score to 3 decimal places Confidence interval
. np >5 Formula:
. ng >5 ptzo




